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CONCISE RULES 


For Computing the Errzcrs of 
0 cee ind PARALLAX 
I N 


Varying the Apparent Diſtance 4 the Moon 


from er Sarg a 11. Ec. 
Wy Wool > hy | | 


HE ll 18 Ales, excepting one, are 

the ſame whi ich- 1 have already communi- 
cated to the Royal Society, but without demonſtra- 
tion, in a letter to the reverend Dr. Birch from 
St. Helena, containing the reſults of my obſerva- 
tions of the diſtance of the Moon from the Sun 
and fixed ſtars, taken in my voyage thither, for 
finding the longitude of the ſhip from time to time; 
fince printed in Part II. Vol. LII. of the Philoſophi- 
cal Tranſactions for 1762, The two rules for the 
correction of refraction and parallax 1 have alſo 
| ſince. communicated to the public in my Britiſh Ma- 
Triner's Guideto the diſcovery of longitude from like 
obſervations of the Moon ; and have added in the 
Preface a rule for computing a ſecond but ſmaller cor- 


rection of parrallax, neceſlary on account of a ſmall 
i: * 


* 
Si £..2 


F | 
l 


6 3 
imperfection lying in the firſt rule derived from the 
fluxions of a ſpherical triangle. To the rules I have 
here ſubjoined their demonſtrations. 

With reſpect” to the uſefulneſs of theſe rules, I 
cannot but entertain hopes that they will appear more 
ſimple and eaſy than any yet propoſed for the ſame 
purpoſe : the laſt rule, for computing the diſtance of 
the Moon from a ſtar, though only an approximation, 
being ſo very exact, ſeems particularly adapted for the 
_ conſtruction of a nautical E « Hunt containing the 
diſtances of the Moon from the Sun and proper fixed 
_ ready calculated for the 1 of finding the 

de from obſervations the Moon at ſea; an 
a ance which, in an age abounding with ſo many 
able computers, mariners need not doubt they will 
be provided with, as ſoon as they manifeſt a proper 


n to make uſe of it. If 


r 
To compute the contraction of the apparent diſtance 
of any two heavenly bodies by reffaction; the ze- 


nith diſtances of both: and their dittance from Fete 
other being given nearly. | 


Add together the tangents of half the ſum, and 
half the difference of the Zenithdiſtances; their ſum, 


abating 10 from the index, is the tangent of are the 
firſt. To the tangent of arc the firſt, juſt found, 


add the co-tangent of half the Ante of the Revs . 


the ſum, abating 10 from the index, is the tangent 
of arc the ſeco Then add together the tangent + 
of double the firſt arc, the — * 


9 #11 
double the ſecond: arch; and the conſtant logarithm 
of 114” or 2,0 569 * the ſum abating 20 from the 
index, is the logarithm of the number of ſeconds. 
required, by which the diſtance of the ſtars is con- 
tracted by refradtion: which therefore added to the 


obſerved diſtance gives the true diſtance cleared from 
the effect of refraction, eo 4515 


Puplication of the foundation of the preceding rule. 


155 rule. is Ranke upon an bypocbege that the 
refraction in altitude is as the tangent of the zenith 
diſtance: and the refraction at the altitude of 45 
degrees being 57”, according to Dr. Bradley's ob- 
ſervations, therefore the refraction at any altitude, 
calling the radius unity is = 57“ X tangent of the 
zenith diſtance. This rule is exact enough for the 
purpoſe of the calculation of the longitude from 
obſervations of the diſtance of the Moon from ſtars 
at ſea as low down as the altitude of 10%, for there 
the error is only 10“ from the truth. But, if the 
altitude of the Moon or ſtar be leſs than 10), the rule 
may be ſtill made to anſwer ſufficiently, by only firſt 
correQing the obſerved zenith diſtances by ſubſtract- 
ing from them three times the refraction correſpond- 
ing to them taken out of any common table of re- 
fraction, and making the computation with the zenith 
diſtances thus corrected. This correction depends 
upon Dr. Bradley s rule for refraction, which he found 
to anſwer, in a manner exactly, from the zenith 
quite down to the horiſon, namely that the refraction 
is'== 57” x tangent of the apparent. zenith diſtance 

Vor. LIV. B 3 leſſened 


leſſened by three times the correſponding refraftion 


teen 


taken out of any common table. 


" Demondration of the preceding rule. 


Let ZXY Tas. XVII. Fig. 1. e a the. 


rical triangle formed by great circles joining the ze- 
nith Z and the ſtars X and V. Refraction acting 


in the vertical circles Z X and ZY will carry the 
ſtar X nearer the zenith by a quantity XS x 
tangent of Z X, and the ſtars Y towards Z by the 


quantity Y at 57 Xx tangent of Z V; fo that the 
apparent diſtance of the two ſtars will be 4d inſtead 
of XV or leſs than X V, the true diſtance; by the Sun of 


the two little ſpaces X a, Ye, terminated x the perpen- 


ndiculars 4@ and de. The little ſpace X a =X bx. 


coſine of the angle Z XY (calling rad ius 14 5 


57” X tang. of ZX x coſine of angle Z X 


by ſpherics, — = 57 x tang. of X P. 2 f being > 


arch, drawn from Z perpendicular to the arch NV). 


In like manner the little ſpace Ye 5 X; tang. of. 
YP; and therefore X 24 Ve or the total effect of 


refraQtion == 57 x tang, XP AI tang, V. Let 


M be the middle of the arch X V, and put the tan- 


gent of XM or YM or NV =, and the tan- 
gent of MP, or the diſtance. of the per pendicular 


ene 
trigonometry, tang. of XP or X MTN P, 


I=-tn 


and tang. of YP or YM= MP = ——; the ſum 
of which, or tang. XP + tang. r 2 Go 


tr 2142 21 2 
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2 

45 


te! 


— — £4 is the * of double the angle whoſe tan- 


gent is Tn, and n or the product of the tangents 
of 4X Y and MP, by ſpherics, is equal to the 
= oduct of the tangents of half the ſum and half 
the difference of the zenith diſtances Z X and AY); 


whence — - is equal to the tangent of double arch 


the firſt e by the rule. Alſo arch the ſe- 
cond found by the rule being by nnen. = MP, 


2 


whoſe tangent is repreſented by n, and _— bei ing 
by trigonometry equal to the WY of double the 
arch whoſe tangent is u, therefore - _ == coſecant 


of 2 MP or double arch the ſecond.  Whence 
the rule is manifeſt; namely, that Xa + Ve, the 
total effect of refraction in contracting the apparent 


diſtance of the two ſtars, 57 7 xtan. XP+tan. VP 
== double. 57 or 1147“ x tang. of double the firſt 
arch x coſecant of double the ſecond arch. an D. 


REMARK. 


When the perpendicular arch Z P, let fall 8 
the Zenith on the arch X T, falls without the trian- 
ole Z X V, the effect of refraction in diminiſhing 
the apparent diſtance of the ſtars X, Y is the differ- 
ence of Xa and Ye: but the rule being general, 
gives always the ſam or difference, which-eyer it be, 
which is a great advantage, and removes all grounds 
of ambiguity in the correction of refraction; as the 
the total Peffact thereof always diminiſhes the dift- 


ance of two ſtars from each other, however they are 
| poſited, - 
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of the Moon and ſtar, and their diſtance from 
each other being giyen nearly. 


% 4 5 
& 3 


Add together the tangents of half the! ſum, hid 


half the difference of the zenith diſtances of the 


Moon and ſtar, and the cotangent of half the diſt- 
ance of the Moon from the ſtar; the ſum, abating 
20 from the index, is the tangent of an arch, which 
call A. Then, if the zenith diſtance of the Moon 
is greater than that of the ſtar, take the Sum of the 


arch A, juſt found, and half the diſtance of the 


Moon 34:4 the 3 but, if the zenith diſtance of 


the Moon be leſs than that of the ſtar, take the 


difference of the ſaid arch A and half the diſtance 


of the Moon from the ſtar; and the ſum, or dif- 


ference call B. To the tangent of B, thus found, 


add the coſine of the Moon's zenith diſtance, and 


the logarithm of the Moon's horizontal parallax,” ex- 


preſſed in minutes and decimals ; the ſum, abating 
20 from the index, is the logarithm, of the effect of 


parallax, . tending always to augment”, the apparent 
diſtance of the M 


oon from the ſtar; except the ze- 
nith diſtance of the Moon be leſs than that of the 


ſtar, and, at the ſame time, the arch A be greater 


than half the diſtance of the Moon from the ſtar, 


in which caſe the effect of parallax diminiſhes, the ** 


parent diſtance of the Moon from the a 
2 DE M 0 N- - 


To compute the cotitenRionc or dune of. the 
apparent diſtance of the Moon from a ſtar, on ac- 
count of the Moon's parallax ; the zenith diſtances 
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la the ſpherical triangle 2. L. 8, ſee Figs. 2, 3, 4, 


and 5th, Z repreſents the zenith, L the Moon, and 


S the ſtar; the effect of parallax depreſſing the 


Moon from L to r, 7 is the apparent place of the 


Moon, and - S the apparent diſtance of the Moon 


from the ſtar; let fall the perpendicular L? upon 


8, produced if neceſſary, and f will be the dif- 
ference: of LS and 8, or the effect of parallax. 
Draw the arch Z P perpendicular to to 8, and let 
M be the middle of 18. The Moon's parallax in 


altitude, being to her horizontal parallax, as the 


ſine of her apparent zenith diſtance, to the radius, 
L » = Moon's horizontal parallax & fine of Zr; 
and vt the effect of parallax upon the apparent di- 
ſtance of the Moon from the ſtar will be = Le X 


coſ. ZS = horizontal parallax * fin. Zr X coſ. | 
rs (or, becauſe tan. 1 P: coſ. Zr P:: tan Zi: 
rad :: ſin Zr : cos Zr; and therefore fin. Z x cos 


ZS S coſ. Zr x tan P). horizontal parallax 
x cof. Zr x tan. P agreeably to the rule. For 
it is evident by ſpherics that the arch A, found by 
the rule, is the ſame with MP the diſtance of the 
perpendicular from the middle of the arch 18: and, 
it is evident, by the inſpection of the figures, that 
the arch B or P is equal to the ſum of M and 
MP, if the zenith diſtance of the Moon be greater 
than that of the ſtar, as in Fig. 2d and 4th; but is. 
the difference of T M and MP, if the zenith diſ- 
tance: of the Moon be leſs than that of the ſtar, as: 


in F ig. zd and 5th. Laſtly, it may appear from the 


conſideration 


[wv]. 


conſideration of the en that, as the effect of par- 
allax depreſſes the n directly towards the hori- 


zon, fo it will always encreaſe her apparent diſtance 
from a ſtar, except in the caſe repreſented by Fig. 
5th ; that is to ſay, unleſs the zenith diſtance of the 
Moon be leſs than that of the far, and, at the fame 
time, the arch MP be greater n M or half 
the 1 K id the: Moon from Ws ta Sh D. 4 


| Remarks onthe uk of the two foregoing rates. 


It has been remarked, after the rule for refraction 
above, that if the — of the Moon or ſtar are 
under 10 degrees, the zenith diſtances muſt be firſt 
leſſened by 3 times the refractions carreſponding to 
their reſpective altitudes before the effect of refrac- 
tion be computed. 

But in order to-compute the effect of parallax from 
the ſecond rule, the obſerved diſtance of the Moon 
from the ſtar muſt be firſt corrected by adding the 
effect of refraction to it found by rule the firſt ; 
as muſt the obſerved altitudes of the Moon and ſtar 
be alſo corrected by taking from them their reſpec- 
tive refraction in altitude, and the corrected arches 
thus found muſt be made uſe of in computing the 
parallax. Only, if the altitudes of the Moon and 
ſtar are both 10 degrees or more, part of the calcu- 
lation of rule the ſecond may be ſaved, and arch the 
ſecond, found by rule the firſt, taken for arch A in 
the ſecond. rule without any ſenfible error. In this 
caſe, it will be moſt convenient to obſerve the fol- 
lowing order of 6666 inſtead of that before 

| 4 preſcribed 


[ xx ] 


preſeived to be uſed when the altitudes are under 0 


degrees. 


iſt. Making: uſe of the apparent altivades: of the 


Moon and ſtar uncorrected, compute arches the firſt 
and ſecond by the directions contained in the rule of 
refraction. _ 


2dly. Taking ch the ſoromd for arch A in | the 
rule of parallax, compute the effect of parallax ac- 
cording to rule the ſecond. 

3dly. With arches the firſt and ſecond compute the 


effect of refraction by rule the firſt. 


4thly, and laſtly. Applying the two corrections of 
parallax and refraction duly, according to the rules, to 
the obſerved diſtance of the Moon from the ſtar, you 


will have the true and correct diſtance of the Moon 
from the ſtar, cleared both of refraction and paral- 


A RULE 


i For computing a a fron, but ſmaller W FI 


the firſt, neceſfary to be applied to the obſervations 
of the diſtance of the Moon from a ſtar on ac- 
count of .parallax. 


Call the principal effect df parallax, found by thie 


preceding rule, the parallax in diſtance; and find 
the parallax anſwering to the Moon's altitude. Then 


to the conſtant logarithm 0.941 add the logarithm 


of tlie ſum of the parallax in altitude and the paral- 


lax in diftance, the logarithm of the difference of 
the ſame parallaxes, and the cotangent of the ob- 
ſerved diſtanse of the Moon from the ſtar (correcł- 
ed for refraction, and the principal effect of paral- 
as ol * ſum, OC 13 from the index, is the 
logarithm 


logarithm of the number of ſeconds requited, being 
the ſecond correction of parallax; and is always to 
be added to the diſtance of the Moon from the 
ſtar, firſt corrected for refraction, and the principal 
effect of parallax found above, in order to obtain the 
true diſtance; unleſs the diſtance exceeds 90 degrees, 
in which caſe it is to be ſubſtrated;, 


ct EM ONS TRATION. 
Let L Fig. 6. repreſent the Moon's true place in 
the ſphere, and 7 her apparent place as depreſſed by 
parallax, S the place of the ſtar, and L a perpen- 
dicular let fall from the true place of the Moon L 
upon the great circle S joining the ſtar 8 and the 
apparent place of the Moon 7; (all as in the four 
figures belonging to the preceding rule). Let La 
be the arch of a parallel circle deſcribed from the 
ſtar S as a pole through the true place of the Moon L. 
S 4 terminated by the parallel circle La, and not Sz 
| terminated by the perpendicular Lr, as was ſuppoſed 
75 in the former demonſtration, is equal to 8 L or the 
true diſtance of the Moon from the ſtar, which was 
therefore computed too ſmall from the former rule 
by the little ſpace af. Let LT and aT be the 
equal tangents of the equal arches LS and 48 in 
L and a, meeting in the radius CS, drawn from 
the centre of the ſphere C and produced, in T. The 
ſpace Lat, on account of its ſmallneſs, may be look - 
ed upon as lying all in one plane namely LaT, and 
La as the ſmall arch of a circle deſcribed from the 
point T as a centre with the line LT as a _ 


Lo [231 
through Land a, Lt as the ſine, and at as the 
'verſe-ſine_of the arch La; and confequently at 
equal to the ſquare of L? divided by 2 L T. But, 
the triangle Lt being right-angled Id 7, the ſquare 
of Lt is equal to the difference of the ſquares of 
L andert, and conſequentiy to the product of their 


EY +rt XLr=rt gore 
ſam and difference; that! is to fay, at = 715 L 


or (becauſe the tangent TL is: equal/to the 3 


of the radius CS divided by the cotangent of L'S) 


x cotangent of LS 
=D Fre * 'Lr=r7 2 5 — — e No ſup- 
poſe the ſpaces Le, 1t to be expreſſed in minutes, 
which will be moſt convenient in practice, then the 
radius of the ſphere CS muſt be taken equal to 
34374, for ſo many minutes are contained in an arch 
of a circle equal to its radius: and ar will be = 


2 + Lr-7t „ cotan. — LS 1 

- —. But, the contan- 
2 & 3437 X 34377 

Das 0 ſimilar arches, af circles of different radi! 
directly as the radii, therefore the cotangent 
8 of: LS to the radius C'S or 3437 is to the cotan- 
gent of the ſame arch to 10000000000,: which is 
the radius to which the 8 tables are adapt- 
ed, its logarithm being 10; as 34.374 to Io000000000, 
Therefore the cotangent of LS = tabular- cotangent 


| of LS x 34375 : 
5 which, being ſubſtituted i in the value 


of at above, gives at, expreſſed in minutes wy 


+ + rt + Lrert X tabular cotangent L 8 

3 2h, 6875 50000000 | 

F phing by ae the value of ar will come out in \ fo 
> Wt hn s fo mans conds 


A 


|  ,- 
nds. — fi BETTY 3 BFL77 & -dabutur! cotangent of LS 

con LE ooo 1 1 146000000000 - 
The logarithm of the denominator 1 eg 
is 12, 59, inſtead of ſubſtracting which, when the 
operation is performed by 16 add 0,941 
(its compliment to 13) to the value of the numera- 
tor found in logarithms, and ſubſtract 13 from the 
index: the remainder will be wad value of at in 


DRG 2 E. D. 


4 ry: * to 2 851 * * z gane of the Moon os 
' 20diacal flar, very nearly; the difference of the = 
tudes of the Moon and Js and the road of both 


being given. | 


To the coſine of the difference: of the ee 
add the coſine of the difference of the latitudes, if 
both of the ſame denomination, or ſum; if of con- 

trary denominations, the ſum of the two logarithms, 
abating 10 from the index, is the coſine of the ap- 
proximate diſtance. This gives the true diſtance of 
the Moon from the Sun, being then nothing more 
than the common rule for finding the hypothenuſe 
of a right-angled ſpherical triangle from the two 
ſides given. But in the caſe of a zodiacal ſtar apply 
the following correction to the . diſtance 
thus found. 

Io the conſtant logarithin 5 3144 r . of | 


the Moon's latitude, the fine of the ftar's latitude, the 
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Caxs1] 
ſtracted from the 3 diſtance, fad before, 
if the latitüdes of the moon and-ſtar are of the ſame 
denomin ation, or added thereto, if they are of dif- 
185 10% ee. the true 1 the 
Joon Fo the: ſtar... 


py "Ie 'B. This rule, Woch WY 121 1 
is ſo v very exact, that even, if the latitude of the Moon 
Was 5˙, and that of the ſtar 1 55, the error would be 
only 10" * and if the latitude of the Moon be 5 
and that of the ſtar 16 the ertor wonly , ; and 
if the laticudes be leſs, will be leſs in proportion as 
the — of the Hines a the latitudes decreaſe, 
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Let P Fig. 7. ]repreſent one of the ben Scheel 5 
and Q. R the places of the Moon and ſtar. F rom 
R let che arch f 4 great tircte R 3 per- 
pendicular to P Q By ſpherics, the tangent of 
P D = tangent of P R X coſine df the angle RPD. 
"And, by tri 80h nic ty: donne ef Por (QP) 
N GFN cos col PD din. Q P N fn. D 
col. Abel PP fin. Q coſ. PD tan. PD. 
= col. PD x col. P + 11h. * fan. 5 = col. 

PD. ax col. Wn + "+, itn. QF tan. RX Col. Þ 
& PD ELSE 5 1 fin. QPFtan: PR. 
Ho : 1. But, by ſp Herics, 800. QD; Gb 2 
coſ. RQ: cof. PR... col. RQ; Col. PR coſ. 
QP I ſin. QP x tan. P Rx col. P: 1. Whence col. 
RQ = col. PR x col. QP + fin. QP x fin. PR 
* col. * by n col. (QP PR) 
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cot. Q cht. Pk. fin. QP x bp 
Whents fin. . 1 55 == col: * — "Moog — 
| ith b * ſubſtituted above, 
gives coſ. R Q PR 'Xcof. P — of. 
PR x col. e P + col: PR X el. QP 


col. (QP —PR) LSE of vere-fing P X coſ. 


PR x col. A Now put col. (QP —P RY X 
c 5. P = col. 7, ot the 125 proximate diſtance, then 
col. R Q— coſ. G, or (becauſe the « difference of 
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-ſitie is * col, P R % coſ. PQ 14. — ; 
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| Note, "the etrot of this o pot 7 alles from 
Wen 93 2 by which meons it will alway 
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give R Qitoo great; nearly b | —— W quan- 
e e PX cot. * 
tan. 4 G. This e to a maximum "when G is 
600, and is then = s col. RP xSg col. 
PQ. If the 4 of the Moe and ſtar are both 
35 ft A 4 If t the Moon 8 "afiole be be 5*, and that 
of the ſtar 10 it 8 4 21 ;; and if the 1 
eee i in = 10%. e 
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